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Abstract 

The variational principle for a spherical configuration consisting of a thin spherical 
dust shell in gravitational field is constructed. The principle is consistent with the 
boundary- value problem of the corresponding Euler-Lagrange equations, and leads 
to "natural boundary conditions" . These conditions and the field equations following 
from the variational principle are used for performing of the reduction of this system. 
The equations of motion for the shell follow from the obtained reduced action. The 
transformation of the variational formula for the reduced action leads to two natural 
variants of the effective action. One of them describes the shell from a stationary 
interior observer's point of view, another from the exterior one. The conditions of 
isometry of the exterior and interior faces of the shell lead to the momentum and 
Hamiltonian constraints. 



I Introduction 

A spherically-symmetric dust shell is among the simplest popular models of collapsing 
gravitating configurations. The equations of motion for these objects were obtained in 
Refs. P] and |2j. The construction of a variational principle for such systems was discussed 
in Refs. There are a number of problems here, basic of which is a choice of the 

evolution parameter (internal, external, proper). The choice of time coordinate, in turn, 
affects the choice of a particular quantization scheme, leading, in general, to quantum 
theories which are not unitarily equivalent. 

In most of these papers the variational principle for shells is usually constructed in 
a comoving frame of reference, or in one of variants of freely falling frames of reference. 
However, using of such frames of reference frequently leads to effects unrelated to the 
object under consideration. In the approach related to proper time of the shell reduction 
of the system leads to complicated Lagrangians and Hamiltonians which creates difficulties 
on quantization. In particular it leads to theories with higher derivatives or to finite 
difference equations. 

The essential physics involves a picture of a gravitational collapse from the point of view 
of an infinitely remote stationary observer. In quantum theory this point of view enables us 



theory correctly. On the other hand, to treat primordial black holes in the theory of self- 
gravitating shells it is convenient to take the viewpoint of a central stationary observer. 

In our opinion, the choice of exterior or interior stationary observers is most natural 
and corresponds to real physics. The natural Hamiltonian formulation of a self-gravitating 
shell was considered in Refs. [0], [Zj. However, this formulation was not obtained by a 
variational procedure from some initial action containing the standard Einstein- Hilbert 
term. 

The general Lagrange approach to the theory of dust shells in General Relativity was 
developed in Ref . [8^ . In present paper the natural Lagrange and Hamiltonian formulation 
of the spherical self-gravitating dust shell is constructed, which has some specific features 
in comparison with general approach. The system under consideration is regarded as a 
compound spherical configuration consisting of two vacuum spherical regions D_ and 
with spherical boundary surface S formed by the shell. The initial action is taken as the 
sum of actions of the York type ly = I eh + Ian Qc^ch. regions and the action for the 

dust matter on the singular hypersurface S. Here I eh is the the Einstein-Hilbert action, 
and Iqd is the boundary term. The constructed variational principle is compatible with 
boundary-value problems of the corresponding Euler-Lagrange equations for each region of 
the configuration, and, when we vary with respect to metric, leads to the "natural boundary 
conditions" on the shell. The obtained conditions together with gravitation field equations, 
are used for performing the reduction of the system and eliminating of the gravitational 
degrees of freedom. The equation of motion for the shell is obtained from the reduced 
action by considering normal variations of the shell. 

Transforming of the variational formula and applying of the surface equations leads to 
two variants of effective action. One of them describes the shell from an interior stationary 
observer's point of view, and the other from the exterior one. Going over to the Hamiltonian 
description and using the isometry conditions of the exterior and interior faces of the shell 
generates momentum and Hamiltonian constraints. 

Here c is the velocity of light, k is the gravitational constant, x = Stt/c/c^. The metric 
tensor g^^ (/x, z/ = 0, 1, 2, 3) has signature (H ). 

II Total action for the configuration, bulk 
and surface equations 

Consider a set of the regions D = D_ U S U C V^^^ in spherically symmetric space- 
time V^^\ Here D_ and are the interior and exterior regions, respectively, which are 
separated by the spherically-symmetric infinitely thin dust shell S with the surface dust 
density a. Choose in D± the general angle coordinates : {x^ = 9, = a} {i, k = 2,3) 
and individual space-time coordinates x^ {a,b = 0,1) for D±, respectively. Then the 
gravitational fields in the regions D± are described by the metrics 

(^)ci4= ^'Usl-r^da\ (2.1) 

= j^^dx^dxl , da^ = hijdx'dx^ = d9^ + sin^ 9da'^ , (2.2) 

where the two-dimensional metrics 7^ and the function r depend on the coordinates x^.. 

Einstein's equations and the curvature scalar for each region D± can be represented in 
the form 

2 1 / „ s 



^'^Gaj = 0, (2.4) 

r 
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^'^G,, = ^-{r'-'^R-2Ar)hij^0, (2.5) 



(4)^ ^ (2)^ - 1 Ar - ^(Vr)2 - 1 , (2.6) 

where Ar = V"Va?" = t:", (Vr)^ = 7"^VarV;,r = r'^-r^a, Va =;a is the covariant deriva- 
tive with respect to x"" in metric 7a(,, and ^^^i? is the curvature scalar of two-dimensional 
space with metric jab, = dr/dx"". Here, for simplicity, we temporarily omit the signs 

a 11 
± ■ 

Now we introduce a general coordinate map e D, and metrics 7^ such that 7^1^ = 
7^|2 — lab- Then ^^^ds+i^^ = ^'^'>ds-\^^ = "^^^ds, and the world line 7 of the shell in this 
map are given by equation — x"(s). Let 

{u = u^da , n = n"9„} , { a; = -Wadx" , r) = n„dx" } (2.7) 

be the general orthonormal vector and covector bases in the regions D±. Here da = d/dx"" 
is the partial derivative with respect to x". The components of vectors {«, n} and covectors 
{a;, 77} satisfy the conditions UaU'^\± — — nan"|_|_ = 1 and liaJT-^ii = 0. Hence, accurate to a 
general factor e = ±1, we obtain 

no = \f^u^i ni = -y/^u°, (2.8) 
uq = \/— 7 n^, Ui = —^—7 n° . (2.9) 

where 7 = det |7a6|. With respect to the bases {u, n} and {a;, r]} we have 

lab ^ UaUb - UaUb , -f"^ ^ u'^v!' - rfu^ , 5^ ^ U^Ub - n^ut, . (2.10) 

Further, we shall suppose that the vector field u in points p G S is tangential to a world 
line of a shell 7 so, that m±|s = dx^/^'^^ds. The vector field n in points p e S is normal 
to E and is directed from D_ in D+. Inside regions D± the field of an orthonormal dyad 
n"} is arbitrary. 

Define the one-forms dHa as 

c/x" A dEb = 51 dx^ A dx^ = 5^ d^x , (2.11) 

where the symbol "A" denotes the exterior product. It is also useful to define the one-forms 

dE„ = u^'dHa , rfE„ = -rfdHa , (2.12) 

which are dual to the one-forms a; , 77, so that 

^/^cu AdEu ^ y/-lV ^d^n ^ y/-l d'^x ^ ou Ar] , (2-13) 
cu^-y/^dT,n, 77 = v^=7dEu. (2.14) 

In addition we have g — det Ig^u] = ■jr^ sin^ 6. 

Now we introduce the tensors of extrinsic curvature 

K^u = -%;p(n^n, + 5^) , = g'^'^K^, = -nf„ , (2.15) 



of local subspaces S„ and S„, which are orthogonal to the vectors n^^ = {n"-, 0, 0} and 
= {u°',0,0}, respectively. Here ";p" is the covariant derivative with respect to metric 

Qfj^u, K and D are the trace of the tensors K^j^y and -D^i., respectively. On the shell the 

tensor K^y is the tensor of extrinsic curvature hypersurface S. 
From the definitions ()2.15j) and ()2.1(j|l we can obtain 

Kik= r{nr)hik , Kai = Kia = , Kab = K^u UaUb , (2.17) 

1 / \ 2('nr) 
K^^ = K^bu'^u' = -n% , K = -- (rV) ,^^ = K^u- \^ , (2.18) 

Dik = r{ur)hik , Dai = Dia = , Dab = DnnJlaUb , (2.19) 

D„„ = D,,nV = M'^,, Z} = -l(rV) =-D„„,-^, (2.20) 

where nr = n'^r^ai ur = u^T a- 

We take the total action for the spherically symmetric compound configuration under 
consideration in the form 



hot = Ieh + Im + It. + IdD + -^0 , (2-21) 

where 

Ieh = - „ 
2x 



j ^^^R AdOAda (2.22) 



is the sum of Einstein-Hilbert actions for the regions D±. 
The dust on the singular shell S is described by the action 

Im = cJ o^f^ Ade Ada. (2.23) 

The third term in the right-hand side 1)2.211) is the matching term 

/s = -- /" [K] d^n Ade Ada, (2.24) 

where the symbol [A] = A\^ "~ denotes the jump of the quantity A on the shell S. The 
signs indicate that the marked quantities are calculated as the limit values when we 
approach to S from inside and outside, respectively. 
The fourth term in the right-hand side 1)2.211) 

IdD = - { {Du" - Krf)d'La AdOAda (2.25) 
dD 

contains the surface terms similar to Gibbons-Hawking surface term, which are introduced 
to fix the metric on the boundary dD of the region D. Note, that the boundary dD 
consists of the pieces of timelike as well as spacelike hypersurfaces. The last term Jq in 
fl2.21j) contains the boundary terms, necessary for normalization of the action. It is needed 
when exterior boundary ODj^ of the region is situated on the timelike infinitely remote 
hypersurfaces. 

Thus the total action Itot is the functional of the metrics {7^6, Tab), of the shell radius 



The first and the fourth terms in ()2.2H) form the action of the York type ly = lEH + IdD 
[H]. It is used in variational problems with the fixed metric on the boundary dD of the 
configuration D. This action can also be used in variational problems with the general 
relativistic version of the "natural boundary conditions" for "free edge" when the 
metric on the boundary is arbitrary and the corresponding momenta vanishes. Together 
with Jq it forms the York-Gibbons-Hawking action Iygh = Iy + for a free gravitational 
field. 

In our case of the compound configuration we also fix the metric on the boundary dD. 
However, in addition, we have the boundary surface S inside the system, with the singular 
distribution of matter on it. We can treat this configuration as two vacuum regions D± 
with common "loaded edge" (or "massive edge") S. The sum of the actions of type Jy for 
these regions, and of the action for matter J^, and normalizing term Iq do leads to the 
action Itot- 

If there is no dust, a = 0, the common boundary is not "loaded". Then, the requirement 
^Itot = 0, at arbitrary, everywhere continuous variations of the metric, gives generalization 
of the above "natural boundary conditions" for free hypersurface S. They coincide with 
the continuity conditions for the extrinsic curvature on E, i.e. with the standard matching 
conditions. If the matched edges "are loaded" by some surface matter distribution, then we 
obtain the surface equations or the boundary conditions for D±. They are the analog of the 
generalized "natural boundary conditions" for "loaded edges" . The initial action Itot was 
so chosen, that the surface equations on S which follow from requirement 6Itot = coincide 
with the matching conditions on singular hypersurfaces In that case the variational 
principle for the action Itot will be compatible with the boundary-value problem of the 
corresponding Euler-Lagrange equations [TT], [T2]. 

After integrating with respect to angles and taking into account the relations (|2.6p and 
(j2.14j) . the actions (|2.22j) and (|2.23|) can be written in the form 

I^j^ = -^ J v^(^^^^^^-4rAr-2(Vr)^-2)rf2x, (2.26) 
Im = rnc J 7 dT,n = —mc j u , (2.27) 

S(i) 7 

where m = Airar'^ = const is the shell mass. 

The matching ()2.24j) and the boundary surface ()2.25|) terms can be written as 

3 3 

7 7 
3 

IdD = ^f r^V^ (Du'^ - Kn'')di:a • (2.29) 

dD 

In order to simplify the total action Itoti we reduce the action ()2.26|) to the form 
including only the first-order derivatives. To this end, we use the fact that, in the two- 
dimensional space, a curvature scalar can be reduced (locally!) to the divergence of a vector 
(see Appendix A) 

(2)i? = 2K'^^, (2.30) 



Then, using the formulae 



4^r^ (2)^ = 2v^rV.'^„ = 2{4^r^V'')^a - ^rr ^aV" , (2.32) 

rv^Ar = (v^rr v^(Vr)^ (2.33) 

the Einstein-Hilbert actions (j2.26j) can be rewritten as 

lEu = h-h. (2.34) 

where 

Ig= J Lg(fx . (2.35) 

is the gravitational action for the gravitational field with the Lagrangian, which includes 
only the first order derivatives 

c3 



= TTIV^ (2rr - r^,r^ + 1) . (2.36) 



2k 

Here r'"" = 7"^r „ , t „ = dr /dx"' = {ur)ua — {nr)na , V ar'"' = [ur)"^ — [nr)"^ . 
The second term in ()2.34p is the sum of two surface terms 

3 3 

/o = 1^ / Wd^a + ^ f l^^rfS, , (2.37) 

where 

W = rV'' -2r^'' . (2.38) 

The term (|2.37|) includes the integration over total boundaries dD^ and dD_ of the regions 
D_ and D+. Further, take into account (jTSIl), and (IT^ . we find 

iy« = (rD„„ - 2{ur)) u" - {rKuu - 2{n)r) rf = r {Du" - Kn") . (2.39) 

Now the term ()2.37|) can be rewritten as the sum of two addends 

Id = h + ioD. (2.40) 

The addend Ign includes the integration only over that part of boundaries dD^ and dD^ of 
region D_ and which coincides with the boundary dD of configuration D = D_USUZ^+. 
In the addend we integrate over the remaining parts of the boundaries dD±, which means 
the integration over exterior and interior sides of common boundary S of the regions 
and Z)„ , i. e. over the exterior and interior faces of the dust shell. Taking into account 
((23ZD, (ESni), (1^^ and 1223) it is easy to see, that Iod = Ian and Is = h- After 
substitution (|2.34j) and (j2.4(J|) into (|2.2ip . the surface terms are reduced and complete 
action acquires the ordinary and natural form. 



I- tot 



Ig + I^ + Io, (2.41) 



where the action Ig contains the Lagrangian ()2.36|) with first-order derivatives only. 

The forms ()2.2H) and ()2.4H) of the action Itot are equivalent. Applying the action ()2.2H) . 
we can evaluate the value of Itot on the extremals, whereas we use formula (I2.41jl for finding 



Now find the variation 6Itot generated by varying r and 7°*. Using relations ()2.10j) and 



(2.42) 



it is convenient to express the variations of the metric ^7'^^ through the variations of the 
vectors u"' and in the final formulas. 

In order to calculate the variation 6Ig, we use formulae 



5(r,„r'") = 2{rr ^Ju"" - r'r ^Jn" - n^Jr) + 2{r'''6r) . 



(2.43) 



,aV°') = — -\/— 7 rV°:^6r 

— y/—'-f{rr^au\ + {rr)'na — {rr')'ua)6u°' 
+{r^— 7 V°'5r + rr'S{y/—'j n'^) — rrS{y/—'j u°')}^a 



[2.44) 



where r^a = dr/dx"" = rUa — r'ua and r = r^^M" = ur , r' = r^a^"" = nr. 

Further we assume the boundary of configuration dD, and also the metric on it and the 
normal to be fixed. Therefore 5(nia\dD = 0, 5r|a£) = 0, 5u'^\dD = 5n°-\dD = 0. In addition, 
the hypersurface E is fixed and the metric and its variations are continuous on E. Hence 

According to (j2.27j) . for the variation 5/^ we have 



5L 



-mcS J 00 

1 



-mc I duj^i . 



(2.45) 



The sign " u" denotes the restriction of the one-form uj on the shell world line 7: 



such that 



(2.46) 



The requirement of stationarity 6Itot = with respect to arbitrary variations Su"", 
satisfying the above-mentioned conditions leads to 



r' — r'u\ = , f — rn^fj = , 



2rf - 2rr'n^f^ + - r'^ + 1 = , 
2rr' — 2rru^.i. — r'^ + r 



/2 



0. 



(2.47) 
(2.48) 
(2.49) 



In deriving formulas ()2.44j) - ()2.49|1 we used equations 



n n 



b 1 



a„,b 



n U 



b 1 



(2.50) 



which are specific to the two-dimensional case. It can easily be shown that the equations 



The variations of Itot with respect to r lead to equation 



rV.^^-Ar = 0, (2.51) 

which, in view of fl2.30|) . is equivalent to the rest of the Einstein equations ()2.5p . Besides 
equations ()2.47p - ()2.5H) we also obtain the the surface equation for jumps 

[nr]-r[naV''] = 0, (2.52) 
c^r[nr] + km = . (2.53) 

Note that by virtue of 1)2.311] and ()2.5()j) there exist formulae 

n^V'' = -nf, = = n,M>^ = nj- = f , (2-54) 

where = m^^-u^ = —fn"' is the acceleration vector of the shell. Therefore, formula ()2.52)1 
can be written as 

[nr] =r[irj =r[n,r]. (2.55) 

In order to obtain the equations of motion for the dust spherical shell we shall consider 
the normal variations of the hypersurface S. Let each point p G S be displaced at a 
coordinate distance 5x°'{p) = n"-6X{p) in the direction of the normal. As a result of the 
displacement, we obtain a new hypersurface S. The initial and final positions of the shell 
are fixed, therefore we have SX{p) = 0, Vp G S fl dD = fl dD. In addition, we fix the 
metric jab, and also all quantities on S, so that Sim = 0. 

As a result of displacement of the hypersurface S, the original regions and D_ are 
transformed into new regions and D_, such that U S U = U S U = D. 
Then, for example, the variation of the region D_ can be represented as = D_\Z}_ = 
D+\D+. The change of the action ()2.35|) induced by the displacement S, under the above 
conditions, is given by 

Shot = SIg= J Lg d^x - J LgCpx^- j (l+ - L-) d?x . (2.56) 

Here and L~ are the Lagrangians determined by the relation ()2.3(i)l and calculated to 
the right and to the left of S, respectively. Under the infinitesimal normal displacement of 
the hypersurface S, the variation of the total action takes the form 

Shot = - j L-) Sx'^d^a = I [Lg]SXdE . (2.57) 

s s 

Hence, owing to the arbitrariness of SX and the requirement Shot = 0, we find 

[Lg] = (l+ - L^) \^ = -^^ [2r(nr)ir„„ - (nr)'] = . (2.58) 

Using formulas such as [AB] = A[B] + B [A], where A = {A\^ + A^_)/2 , we obtain the 
equations of motion in the form 

r{nr) [Kuu] + r[nr]Kuu - (nr) [nr] = . (2.59) 

After substitution of expressions for [nr] from ()2.55)1 into ()2.59j) . the equations of motion 
for the dust spherical shell can be written as 

1 / X 



The relations ()2.53|) . ()2.55|) and ()2.60|) form the necessary complete set of the boundary 



algebraic conditions imposed on normal derivatives of the shell radius (nr)|^, (nr)|_ and of 
the shell acceleration f]_^_ and f\_ (or component Kuu\+ and Kuu\_ of the extrinsic curvature 
tensor on the shell) with respect to the internal or external coordinates, respectively. In 
particular, this equations imply 



Kuu± = n''ua-bu''\± 



n 



aDUa 

ds 



km 



or 



U.lU 



ds 



± 



km 



n 



(2.61) 



(2.62) 



where Dua = Ua-, b dx^ is the covariant differential. These relations give us the equations of 
motions for the spherical dust shell with respect to coordinates or x"i of the regions 
or D_, respectively. 

From the equations ()2.61|) it follows the two-dimensional spherically symmetric analog 
of the the well-known Israel equations [Tj 



n 



aDUa 



n 



ds 

aDUa 



+ n' 



ds 



— n 



ds 

aDUa 



0, 



ds 



km 

^2 lyi 2 



2 



(2.63) 
(2.64) 



III The reduced and effective actions for 
the dust spherical shell 

Now we can realize a reduction of system and construct the reduced action for the shell. For 
this purpose we shall calculate action Itot on the solutions of the vacuum Einstein equations 
fl2.3|) - ()2.5p (or the equations ()2.47|) - ()2.5ip ). In this case it is convenient to take action Itot 
in the form ()2.21|) . In addition we shall take into account the surface equations ()2.53|) . 
()2.55j) and ()2.6()|) . Note, that on this stage we explicitly use the following consequences of 
these equations 



\nr\ 



km 



Substituting these relations into ()2.2H) and taking into account ()2.27|) . one finds 



(3.1) 



(3.2) 



where 



J, 



sh 



mc + — r- 



- mc J LU 
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\{Egs. inHJ} 



mcuj 



(3.3) 



is the reduced action for the dust shell. This action must be considered together with the 
boundary conditions (I2.53j) . ()2.55|1 and (I2.6()j) . The action Jgh is quite certain if in the 



Einstein equations ()2.3|) - ()2.5| which satisfy the boundary conditions ()2.53|) . ()2.55|) and 
()2.60p . The boundary term Iqd = IaD\{Eqs IHHJ} P-^P iiow has a fixed value and not 
essentially for further. 

Note, that one usually comes to the action for the shell in the other form. In our 
approach this form of the action can be found by partial reduction of the initial action Itot 
when the last boundary condition in 1)3.11) is not taken into account. As a result, we come 
to the action similar to the expression in braces in ()3.3|) or to some of its modification. 
Hence one can obtain the Lagrangian of the shell in the frame of reference of the comov- 
ing observer. However, the quantity Kuu = naf^ = naU^v!' contains second derivatives 
of coordinates x"" with respect to the proper time of the shell. When these derivatives 
are eliminated by integrating by parts, we obtain rather complicated Lagrangians and 
Hamiltonians. 

Now we introduce independent coordinates in each of the regions D±. Then, 
the reduced action is the functional of embedding functions x^(s) of the shell: Jgh = 
Jsh[x"L{s),x'^{s)]. Consider the variation of integrand in J^^ with respect to these func- 
tions. We have 

Suf^ = 6 ^^'>ds± = 6 y^abdx'^dxb ) = -{Ua; bU^Sx" ^^Us)± + d{uaSx'')± . (3.4) 

Hence, applying formulas 6^ = u°'Ub — n'^Tih and u^-Ua-h = 0, we obtain 

(6 - n^^.bU^Hadx'' ^^^ds)^ = d{ua6x^)± , (3.5) 
or, considering the boundary conditions ()2.61|) . 

(s^^Us±-^nJx''^^^ds] =d(uaSx'')±. (3.6) 
\^ 2c^r^ J _|_ 

Further, using the conditions ()2.8)1 and ()2.9j) . we have ^ 

(n„5x"rfs)|± = {u^Sx^ - M°fe^)rfs}|± = (rfx^5x° - rfx°(5x^)}|± . (3.7) 

Therefore the variational formula ()3.5|1 takes the form 

|(5(2)rfs±-^v^((^2;^(5x°-dxW)| =d{uM'')^. (3.8) 

Now introduce the vector potential -B^ = i?a(x'',x^) with the help of equation 

d A (Badx") = Goidx^ A dx^ = — yf^ dx^ A dx^ , (3.9) 

where Gab = B^^a — Ba^- Note that, in two-dimensional space, the integrability condition 
for the just introduced relation holds identically. With this definition in mind and owing 
to the fact that 

di^Badx") - diBadx") = Gioidx^x^ - dx^5x°) , (3.10) 
the variational formula ()3.8|) can be written in the form 

6{^^Us± Badx''}^ = d{{ua±Ba)6x''}±. (3.11) 



^In the paper El the factor 7 was lost in these formulas. However, in the particular case of the 



Thus, if we introduce the actions in the form 

J± = -mc J [^^^dsTBJx'')^^ , (3.12) 

7 

then, owing to the variational formula ()3.1H1 . we shall obtain the stationarity condition 
(5/^ = for the fixed initial and final positions of the shell. The just obtained actions 
are the natural modification of the action ()3.3|) which is compatible with the boundary 
conditions. The stationarity condition 5/^ = for arbitrary variation of coordinates 
yield the equations of motion for the shell with respect to external or internal coordinates. 
Therefore, formula ()3.12|1 is the general form of the effective actions for the dust spherical 
shell in general relativity, where the vector potential Ba is found from equation ()3.9|) . 



IV The effective action for the spherical 
dust shell 

Now let us construct the effective actions for the spherical dust shell in the Schwarzschild 
gravitational fields. Using curvature coordinates, we choose common spatial spherical 
coordinates {r, 6, a} in D±, and individual time coordinates t± in D±, respectively. Then 
the world sheet of the shell E, in interior and exterior coordinates, is given by equations 
r = R_{t_) and r = i?+(t_|_), respectively. 

The gravitational fields in the regions D± are described by the metrics 

= fic'dtl - f^^dr^ - r\de^ + sin^ eda") , (4.1) 

where 

/± = 1-^^, 4.2 

and M+ and M_ are the Schwarzschild masses (M+ > M„). 
In this case we have 

Badx"" = c<^{t±, R)dt± + UR{t±, R)dR . (4.3) 
Using the gauge condition UR{t±, R) = 0, the action ()3.12|) can be written as 

Ifn = -mc f i^^^dsTc^dt)^^ . (4.4) 



k 



Further, formula ()3.9p implies 

dip km 



dR 2c2i?2 • 
From here, up to an additive constant, we find 



Eventually, the effective action for the shell can be represented as 



(4.5) 



km 



r4.7^ 



where 

Lf, = -mc'^JU-f^'R^Jc^±U (4.8) 

are the Lagrangians of the dust shell in the frames of reference of stationary observers in 
the regions D± , {Rt± = dR/dt±), respectively, and 

is the effective potential energy of the shell gravitational self-action. 

It is easy to check that from the actions ()4.7|1 the equations of motion ()2.fiH) of the dust 
spherical shell follow. 

The actions transform each into other under the discrete gauge transformation 



M±->M^ (/±^/t)> U^-U, t^^t 



They describe the transition from the interior observer to the exterior one and vice versa. 

Note that the actions can be considered quite independently. The regions D± to- 
gether with the gravitational fields ()4.ip can also be regarded separately and independently 
as manifolds with edges S±. These edges acquire the physical sense of the different faces of 
the dust shell with the world sheet E if the regions D± are joined along these boundaries. 
The last can be realized only if the conditions of isometry for the edges Sj- 

Uc^dtl - f-'dR^ = f.cMe_ - fZ^dR^ = c^dT^ , (4.10) 

for the edges S± are fulfilled (or if the curves 7± representing the world lines of the shell 
in the coordinates {R,t±} coincide), where r is the proper time of the shell. 

Consider some consequences following from the conditions of isometry for the edges. 
First of all we have the relationships between the velocities 



c^I± L = c^lz L (4 II) 




Further, from the Lagrangians ()4.8p we find the momenta and Hamiltonians for the 
shell 

r^-^^^^- -^i?,, (4.13) 



dRt 



f±\/f±-f±'RL/c' ^± 



H: 



mc^f± 



sh 



dr 



(4.14) 



or 



mc 



(4.15) 



where E± are the shell energies which are conjugated to the coordinate times t± and 



or exterior one). Eliminating the velocity from ()4.13p and ()4.15|) . the conditions of 
isometry for edges can be written as 

UP+ = f^P^, (4.16) 
{E+ + U f - m^c'^f+ = {E_-U f - m^c^f. . (4.17) 

The last equation can be rewritten as 

{E+ + E^){E+ -E^ + 2U) = m^{F+ - F_) . (4.18) 

Substituting the expressions for f± and U taken from ()4.2p . ()4.9|) in this equation, we 
obtain 

(E+ + E^){E+ -E^) = —- {E+ + E_- 2(M+ + M_) ) . (4.19) 

R 

Hence we find the relation between the Hamiltonians Hf^^ and the Schwarzschild masses 
M± 

Ht^ = H;, = (M+ - M^y = E . (4.20) 

Here E = E^ = E_ denotes the total energy of the shell, which is conjugated both of 
the coordinate time t+ and of that t_ and whose value is independent of the stationary 
observer's position (inside or outside of the shell). From now on we shall treat the rela- 
tionships ()4.16|) and ()4.20|) . which appear in the above independent description of the shell 
faces, as momentum and Hamiltonian constraints. Thus, the dynamic systems with La- 
grangians Lfj^ are not independent. They satisfy momentum and Hamiltonian constraints 
(j4.16j) . (j4.2(Jj) which ensure of isometry of the shell faces. 

The Lagrangians Lff^ ()4.8p . as well as the relations ()4.1H) - ()4.20|) . are valid only in a 
limited domain, since the used curvature coordinates are valid outside the event horizon 
only. Therefore, Lj^^ can be used when R > 2kM_/c^, and Lj^^ for R > 2kM+/c^ (M+ > 
M„). 

As is known, the complete description of the shells can be performed, for example, in 
the Kruskal-Szekeres coordinates. With respect to these coordinates the full Schwarzschild 
geometry consists of the four regions R~^ , T~ , R~,T~^, detached by the event horizons. 
Our above consideration concerned with the i?"*" region only. 

Formally, assuming r to be the time coordinate, we can also use the action for the shell 
in the form (j4.7p under the horizon, i. e. in the regions T~- and T"*". In order to use the 
simplicity and convenience of the curvature coordinates and to conserve the information 
about the shells in the region R~ , it is sufficient to introduce an auxiliary discrete variable 
£ = ±1 and to make a change ^'^'^ds± — >• e± '^^^(isi in ()4.7|) |8^. Here, e± = 1 corresponds 
to the shell into the i?"'"-region, and e± = —1, to the shell into the i?~-region. Further, 
introduce the quantities /i± = e±m. Then the extended action takes the form 

Itkif^±) = \j LfMdti± = -\j (^c (^)d. T Udt) 1^ , (4.21) 

7± 7± 

where 

LtK{l^±) = -f^±cyf^-f^'Rt/c'±U (4.22) 

are the generalized Lagrangians describing the shell inside any of the i?^-regions with 
respect to the curvature coordinates of the interior {t-,R} or exterior {t+,R} regions. 
The event horizons Rg = 2kM±/c'^, as before, are the singular points of the dynamical 



For the extended system ()4.21|) the Hamiltonians has the form 



(/x±) = ce±^ f±{m^c^ + f±Pl) tU = fi^c^ U + R^Jc^ T U . (4.23) 

Hence, taking into account the Hamiltonian constraints ()4.2()j) . we find the standard 
relationships of the theory of the spherical dust shell |1| and rewrite them using new 
notation 



+ - /i+\//+ + ^r/c2 = -^, (4.24) 



^_^/_ + i?2/c2 + ^+^/+ + i?2/c2 = 2(M+-M_). (4.25) 

Now consider briefiy the self-gravitating shell when M_ = 0. Denote M_|_ = M and 
consider the shell moving in the i^^-region. In the exterior coordinates, the Lagrangian 
and Hamiltonian of the shell are of the form 



T+ 2 A 27A/ / 2^M\-'Rl_, W 



In the interior coordinates, the same shell is described by the Lagrangian and Hamiltonian 

LJ, = -mcVl - i??-/c^ + ^ , (4.28) 

7m^ 



H:n = c^m^c^ + Pl-±^. (4.29) 

The dynamical systems with L^^ obey the momentum and Hamiltonian constraints P_ = 
, H^^ = = Mc^, and are canonically equivalent in the extended phase space jH]- 
However they are not canonically equivalent dynamic system, which is obtained at a choice 
of proper time as evolutional parameter. 



V Conclusions 

In the paper, on the basis of the standard Einstein-Hilbert bulk action and surface action 
for the dust the variational formalism for a spherical dust shell is constructed. The total 
action also includes the surface matching and boundary terms. The variational principle is 
compatible with the boundary-value problem of the corresponding Euler-Lagrange equa- 
tions. From the total action by variational procedure the bulk equations and complete set 
of boundary conditions are found. These equations are used for performing the reduction 
of the system. As a result, we come to the reduced action (j3.3p for the spherical dust shell 
which must be considered together with surface equations. From reduced action we obtain 
the equations of motion for the dust shell. 

Further, by transforming the variational formula ()3.4|) for the reduced action and taking 
into account the surface equations ()2.61|) . we obtain the effective action ()3.12|) for the 
dust shell which leads to correct equations of motion. The above procedure is carried out 
in the curvature coordinates for the interior and exterior regions D± of the configuration. 



the gravitational collapse from the point of view of the interior stationary observer and 
exterior remote stationary one. 

The regions D± C D together with the corresponding gravitational fields ()4.HI can 
be treated as independent submanifolds with "loaded edges" S± which can be described 
by the actions J^. These edges acquire the physical sense of different faces of the dust 
shell with the world sheet S if the regions D± are matched along these boundaries. From 
the conditions of isometric equivalence of the edges S± we obtain the momentum and 
Hamiltonian constraints ()4.16|) . ()4.20|) . 

The effective Hamiltonian was virtually postulated in and was used for finding 
the energy spectrum of quantum states of the dust shell with the bare mass m that was less 
than the Planck mass nipi. In Ref. [13^ the Hamiltonians Hfj^ was used for constructing 
the quasi-classical model of collapsing spherical configuration, for describing the tunneling 
spherical dust shell, and also for the model of the pair creation and annihilation of the 
shells. The method of constructing the effective action is easily generalized to the case 
of more complex spherical configurations with the space and surface distribution of fields 
and matter. The present approach (see also [S]) can be readily generalized to the case of 
higher dimensions and can be used for constructing the effective Lagrangians describing 
the cosmological scenarios with branes. In that case, by using the variational procedure, we 
can also find the complete set of boundary conditions on the singular hypersurfaces, which 
are necessary both in the theory of brane worlds and in the shell theory (see, for example, 
the papers [H] and jTHI and references therein). In conclusion, it should be stressed that, in 
contrast to [SI, the approach taken in this paper is specially adapted for the configurations 
which, after dimension reduction, are reduced to 2D-models. This allows us to use the 
equations specific to the two-dimensional case only, simplifies the variational technique 
and makes clearer the procedure of constructing the effective action. 
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Appendix A: The representation of the curvature 
scalar in the two-dimensional space 

In the two-dimensional space there are specific relationships, which can exist only in the 
spaces with dimensionality that equals two. Some of them have been already written (see 
fj2.50|) and ()2.54|) ). Here we show that in the two-dimensional space the curvature scalar 
is expressed (locally!) in terms of the divergence of the vector constructed with the help 
of the vectors of two-dimensional orthogonal basis n""}. 
By definition we have 

Ua;b;c-Ua-c;b = Ribc^d, (A.l) 
na;b;c-na-c;b = Ribc^d- (A.2) 

Multiplying equation (jA.lj) by U'^ , and equation ()A.2|1 by and applying formula UdU^ — 
ndTi^ = gives 



From here we find 

Rac = u\Ua;b;c " Ua;c;b) " n^Ua -b ,0 " '^a;c;b) , (A.4) 

R = u\u%.^, - u%.^,) - n\n%, - n%.^,) = («>^ - u'^ - n%n' + n\n^) , (A.5) 
With the help of equations ()2.50|) this formula can be written in the form 

R = 2{n\,n- - u\,u'') ,a = IV^a , (A.6) 

which gives the required equation ()2.30p expressing the curvature scalar in terms of the 
divergence of vector V"" . 
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